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Abstract
A study of lattice dielectric and thermodynamic properties of yttria stabilized zirconia (YSZ)
crystals as a function of yttria concentration is reported. This study is based on density
functional perturbation theory, using ABINIT. Within the local density approximation and the
harmonic approximation, we find excellent agreement between calculated and low temperature
experimental specific heat and dielectric constants. From the variation of the specific heat of
YSZ with the yttria composition, we propose a simple additivity rule that estimates the
dependence of the specific heat of YSZ on the yttria concentration, whereas for the dielectric
constants of YSZ, the values are bounded by the dielectric constants of cubic and amorphous
zirconia.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Of energy conversion devices, perhaps the most promising
is the solid oxide fuel cell (SOFC). It can use yttria
stabilized zirconia (YSZ) as an ion conducting electrolyte
membrane in high temperature operation. Compared to
the ionic conductivity of bulk YSZ at high temperatures
(i.e. ∼10−1–10−2 S cm−1 between 700 and 1000 ◦C), its
conductivity at room temperature is negligible [1]. For the
bulk YSZ, it is a solid solution on a cubic fluorite lattice
with yttrium and zirconium distributed on a face-centered-
cubic cation lattice and oxygen and vacancies distributed on a
simple-cubic anion lattice [2]. Advancing the development of
these solid state energy devices is contingent on understanding
materials properties at a fundamental level. Structural and
ionic conductivity can differ substantially due to different
competing thermodynamic phases for varying ZrO2–Y2O3

composition ratios [3]. With redistribution of mobile ionic
species within the YSZ electrolyte and its contact interfaces
upon operation, the build up of space-charge regions, the
electrochemical double layers, within the system makes

3 Author to whom any correspondence should be addressed.

it a capacitive medium, modeled phenomenologically with
equivalent circuit model [4].

Under static condition, i.e. without ionic current, the
relative permittivity of a medium or the dielectric constant
of a material controls the capacitive properties of that
system. Thus, it is reasonable to assume that variation in
relative permittivity of this capacitive medium due to yttrium
concentration should affect the ionic current from this solid
state electrochemical device. This assumption has been
verified from our recent atomistic, yet still phenomenological,
kinetic Monte Carlo simulation of a working YSZ fuel cell
cathode [5]. In addition to the hole concentration due to
mol% yttria (Y2O3) concentration and operating temperature,
we found the dielectric constant (ε) of YSZ to be another
important factor determining the ionic current through the
fuel cell. The experimental ε values of YSZ are large and
scattered between 10 and 41 at room temperature [6] due
to different morphologies. However, very little guidance is
available to correlate the ε of YSZ to different mol% Y2O3

concentrations. Furthermore, it is important eventually to find
a general way to correlate the dielectric properties of YSZ
under different yttria concentration ratios as well as under the
various operating conditions of a working fuel cell. To achieve
this goal ultimately, accurate quantum mechanical benchmark
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calculations are a necessary first step. Thus the YSZ lattice
dielectric and thermodynamic properties are our focus in this
work.

2. Methodology

Density functional perturbation theory [7] is employed to com-
pute quantities that are due entirely or in part to lattice dynam-
ics. Our calculations are performed within the local density
approximation (LDA) to density functional theory, as imple-
mented in the ABINIT package [8]. The exchange–correlation
energy is evaluated using the Perdew–Wang parameterization
of Ceperley–Alder electron gas data. The all-electron poten-
tials were replaced by the relativistic Hartwigsen–Goedecker–
Hutter pseudopotentials [9] with O(2s, 2p), and Y(4s, 4p, 4d,
5s), Zr(4s, 4p, 4d, 5s) levels treated as valence states with semi-
core 4s and 4p states. The wavefunctions are expanded in plane
waves up to a kinetic energy cutoff of 35 hartree. Integrals over
the Brillouin zone (BZ) were replaced by sums on mesh of
Monkhorst–Pack 4 × 4 × 4 special k points [10]. Calculations
were deemed converged when changes in total energy were less
than 10−6 hartree and those in the interatomic forces were less
than 10−5 hartree bohr−1 for full structural relaxation. Linear
response properties are obtained as second derivatives of the to-
tal energy with respect to an external electric field or to atomic
displacements, which are calculated within a variational ap-
proach to density functional perturbation theory [7, 11–13], as
implemented in the ABINIT package [8]. In order to achieve
convergence in the heat capacities at constant volume, CV , a
grids of 20 × 20 × 20 (i.e. ZrO2) and 10 × 10 × 10 (i.e. YSZ)
q points in the irreducible Brillouin zone (BZ) was employed
for the evaluation of the integrals corresponding to the phonon
DOS and the thermodynamic properties.

To test the accuracy of our computational parameters,
the cubic (c-ZrO2 in Fm3m space group) and monoclinic
(m-ZrO2 in P21/c space group) phases of zirconia which
are well studied [2, 14–19], are chosen to benchmark our
calculations. For these zirconia polymorphs, the optimized
structural parameters of c-ZrO2 and m-ZrO2 are listed in
table 1. The structural parameters match well the reported
values [14, 17–19], and our total energy calculations have
correctly reproduced the energetics of these two ZrO2 phases.
The difference in cohesive energies for the m-ZrO2 and c-ZrO2

is 0.12 eV/(ZrO2 unit), relative to 0.10 eV/(ZrO2 unit) from a
previous LDA study [19].

3. Results and discussion

Compared to determining the geometry and energetics of
competing phases of ZrO2 polymorphs, searching for ground
state atomic arrangements across a composition range of
ZrO2–Y2O3 is definitely more complicated. For YSZ, the
inherited complexity is due to its multifaceted ordering
problem. The structures and lattices are not merely determined
by different composition at different ambient condition, but
also dictated by intrinsic long- and short-range order in the
system [20]. In normal conditions, the fluorite scaffold is
expected to be stable for yttria (Y2O3) content in the range

Table 1. Structural parameters obtained for the c-ZrO2, m-ZrO2,
�-YSZ, �-YSZ, �-YSZ, �-YSZ polymorphs in the present work.
Lattice parameters a, b and c are in Å, and crystalline angle α, β, and
γ are in degrees.

a b c α β γ

c-ZrO2 5.08 — — — — —
m-ZrO2 5.17 5.19 5.33 — 99.36 —
�-YSZ 6.28 14.96 15.74 88.19 66.48 24.45
�-YSZ 6.40 6.19 6.30 99.96 100.75 98.57
�-YSZ 6.30 6.30 12.11 116.00 116.00 119.65
�-YSZ 6.37 6.28 6.48 81.53 99.59 99.98

of ∼8–40% mol [20–24]. At lower yttria content, the cubic
phase can give way to two-phase equilibria with another
two zero-pressure zirconia polymorphs (i.e. t- and m-ZrO2),
and therefore the solid is inhomogeneous. For higher yttria
concentration (i.e. �40% mol) the system is expected to
crystallize in ordered form [23]. Our aim is not to go into depth
for the detailed analysis of configurational space for structural
ordering and defect clustering at various compositions, instead,
we focus on the phonon, dielectric and thermodynamic
properties of perfect crystal lattices, based on the ground state
structures suggested from previous studies [20, 23].

3.1. Dielectric properties

In this work, the thermodynamically stable structures of YSZ
at 10–40% mol Y2O3 composition with their stoichiometries
are named as follows: (I) �-YSZ (14% mol yttria, Zr6Y2O15),
(II) �-YSZ (17% mol yttria, Zr5Y2O13), (III) �-YSZ (20%
mol yttria, Zr4Y2O11), and (IV) �-YSZ (40 mol% yttria,
Zr3Y4O12). The relaxed lattice parameters are shown at
table 1. Overall, these YSZ crystals are found to prefer
triclinic symmetry. The fully relaxed crystalline geometries
of these YSZ polymorphs are consistent with previous
work [20, 23]. All of these YSZ phases are found to be
insulators with finite electronic gaps (i.e. direct gaps): 4.06 eV
(�-YSZ), 3.93 eV (�-YSZ), 4.14 eV (�-YSZ), and 4.20 eV
(�-YSZ) [25], similar to the undoped zirconia, c-ZrO2 and
m-ZrO2 (i.e. 3.58 eV and 3.83 eV respectively, in direct band
gaps)4.

The second derivatives of the total energy of these
periodic solids with respect to collective displacements of the
constituent atoms with different wavevectors commensurate
with the underlying lattice are computed with variational
density functional perturbation theory [7, 11–13]. One
such property is the dielectric response of these materials.
Compared to the reported experimental values [6] of YSZ
dielectric constant, ε0 ∼ 10–41 from various morphologies,
our computed ε0 values fall within this range. Analogous to
an amorphous-like (i.e. 96-atom supercell) [18] ZrO2 (a-ZrO2)
solid, the dielectric tensor (i.e. ε∞

ii and εlatt
ii with i = x, y, z)

of the low symmetry YSZ polymorphs are generally found
to be rather isotropic and diagonal, irrespective of different

4 It is well known that the LDA generally underestimate the band gaps,
therefore without using the ‘scissor-shift’ to correct the electronic gap when
calculating the electronic dielectric constants, we are expecting the LDA
predicted ε∞ generally to be overestimated.
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Table 2. Static dielectric constants of lattice contributions: ε latt
xx , ε latt

yy

and ε latt
zz , and electronic contributions: ε∞

xx , ε∞
yy and ε∞

zz , in three

principal axes. The ε0 is the sum of orientationally averaged ε latt and
ε∞ static dielectric constant.

System ε∞
xx ε∞

yy ε∞
zz ε latt

xx ε latt
yy ε latt

zz ε0

c-ZrO2 6.05 6.05 6.05 40.58 40.58 40.58 46.63
m-ZrO2 5.63 5.63 5.23 22.75 20.04 16.51 25.27
a-ZrO2 [18] 4.76 4.62 4.54 20.30 17.10 15.50 22.27
�-YSZ 5.41 5.34 5.32 29.81 26.91 29.60 34.13
�-YSZ 5.25 5.28 5.29 20.40 20.51 20.20 25.64
�-YSZ 5.10 5.13 5.31 19.48 20.03 21.81 25.62
�-YSZ 4.81 4.77 4.68 19.92 17.06 23.14 24.79

Y2O3 composition (table 2). The orientationally averaged
electronic dielectric constants, ε∞, over this range of YSZ
compositions fall comfortably between the two c-ZrO2 and
a-ZrO2 pure phases [18], i.e. ε∞

a-ZrO2
< ε∞

YSZ < ε∞
c-ZrO2

,
irrespective of Y2O3 composition. For the lattice contribution
to the dielectric constant, a similar trend is observed, with
εlatt

a-ZrO2
< εlatt

YSZ < εlatt
c-ZrO2

for all Y2O3 compositions in
this study. Consequently, one can safely conclude that the
orientationally averaged static dielectric constant, ε0 (i.e. sum
of ε∞ and εlatt) of YSZ follows the same trend as either ε∞
or εlatt, with respect to c- and a-ZrO2 phases. For the undoped
ZrO2 morphologies, εlatt and ε0 are a strong function of crystal
structure due to distinct cubic and non-cubic symmetries. The
doped, YSZ crystals in this study are all of low symmetry.
In contrast to ZrO2, the ε0 of YSZ appears to be only a
function of yttria concentration in the solid. As the yttria
concentration increased, the orientationally averaged static
dielectric constant, ε0 of YSZ is found generally to decrease
(table 2). Ultimately as the yttria concentration increased, one
expects that consistent with these calculation, the ε0 of YSZ
will approach the static dielectric constant of Y2O3 (ε0 ∼
12–20) [26, 27].

To understand the origin of these lattice dielectric
responses, one has to begin with the atomic Born effective
charges [13, 28] on the constituent atoms (Z∗

i ) in the system,

which determine the dielectric tensor ε0
αβ = ε∞

αβ + 4πe2

�
�i

Z∗
iα Z∗

iβ

ω2
i

with � being the crystal unit cell volume, and ωi being the
phonon frequencies of IR-active modes [13]. For the crystal’s
macroscopic polarization due to internal displacements of its
constituent atoms, the calculated Z∗

i tensors of YSZ generally
have no symmetry, and are dominated by the diagonal terms
for most atoms. To present the Z∗ data in a manageable
way, figure 1 is a scatter plot of just the isotropic averages
(i.e. one-third of the trace) of the atomic Z∗ tensors sorted
by atom type for the system. Overall, the sum of 〈Z∗

i 〉 of
all atoms in ZrO2 and YSZ in each unit cell will vanish
within numerical accuracy, obeying the charge neutrality sum
rule [13]. For cubic ZrO2, the enhanced lattice contribution
to the dielectric response εlatt (table 2) can be traced partly to
an increase in Z∗ of the constituent cations (Zr) and anions
(O) in the system, with respect to the other YSZ solids as
shown in figure 1. For c-ZrO2, the isotropic charge tensor
yields Z∗

Zr and Z∗
O to be 5.75 and −2.88 respectively, compared

to 〈Z∗
Zr〉 = 5.31, 〈Z∗

O1
〉 = −2.70, and 〈Z∗

O2
〉 = −2.61

Figure 1. Scatter plot of isotropically averaged atomic Born effective
charges, 〈Z∗〉 (vertical axis) for pure ZrO2 (i.e. c-ZrO2 and m-ZrO2)
and YSZ of various Y2O3 composition (�-YSZ: 14% mol yttria,
�-YSZ: 17% mol yttria, �-YSZ: 20% mol yttria, and �-YSZ:
40 mol% yttria). Circles, squares, and triangles correspond,
respectively, to Zr, Y, and O.

in the anisotropic monoclinic phase. For all YSZ phases,
different atomic coordination number generally yields different
Zr∗ values in the system. The 〈Z∗

Zr〉 fall in the range 5.04–
5.59, and 〈Z∗

Y〉 in the range 3.79–3.97, and all oxygen anions
have 〈Z∗

O〉 in the range −2.44 to −2.76 (figure 1). Overall,
the Born effective charges in YSZ are larger in magnitude
than the nominal ionic valences of the isolated ions (+4, +3
and −2 for Zr, Y and O). The anomalously large Z∗ values
might indicate that there is a strong dynamic charge transfer
from the chemical bonds, as the bond length varies during the
perturbed displacements, due to the nature of mixed ionic–
covalent bonds [17, 29].

3.2. Thermodynamic properties

Of the relevant thermodynamic properties of YSZ, so far the
only experimental data available is the heat capacity. In order
to compare our theoretical results with these experimental
findings, we focus on the heat capacity at constant volume,
CV of both ZrO2 and the YSZ allotropes, obtained by
linear response calculations based on the density functional
perturbation theory [7, 11–13]. As a function of temperature
derived from ab initio phonon band structures [30], the
computed CV of both ZrO2 and YSZ are overall found
comparable to the measured specific heat at constant pressure,
CP at low temperature [31, 32] (figure 2). As discussed in [32],
the distinction between the two (i.e. CP and CV ) for both
ZrO2 and YSZ is not significant at low temperature5 [34].

5 In general, the constant volume and constant pressure specific heats are
related [33] by CP (T )−CV (T ) = E(T )T , with E(T ) = α2

ν (T )BVmol where
α2

ν (T ) is the temperature-dependent volume coefficient of thermal expansion,
B is the bulk modulus, and Vmol is the molar volume at T = 0 K. The
difference between CP and CV of both ZrO2 and YSZ is significant only at
high temperatures [34], and the correction factor can thus be negligible in our
computed temperature range.
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Figure 2. Experimental molar heat capacity [31, 32] (hollow circles)
CP of 7.76, 9.7 and 11.35 mol% YSZ together with the calculated
specific heat (solid lines) CV of �-, �, �, and �-YSZ, relative to the
experimental CP of Y2O3 (i.e. 102.51 J mol−1 K−1) measured [35] at
298 K. Inset is both experimental [31] (hollow circle) and calculated
(solid) heat capacities of zirconia solids: m-ZrO2 and c-ZrO2,
relative to the green dotted horizontal classical asymptotic limit,
CV = 9R (per formula unit, ZrO2) which R is the universal gas
constant, governed by the Dulong–Petit law.

Overall, the agreement between the computed value of m-ZrO2

phase and the experimental data [31] is excellent (the inset
of figure 2). At ∼300 K, our calculated CV of m-ZrO2 is
56.14 J mol−1 K−1, compared to the experimental CP value
of 56.42 J mol−1 K−1. Relative to the high temperature cubic
phase, the heat capacity of the low temperature monoclinic
phase is slightly lower. At elevated temperature, the two
specific heats approach the classical asymptotic limit of
74.8 J mol−1 K−1.

For the doped YSZ solids, the calculated heat capacities
at room temperature are generally higher than the zirconia
phases, but lower than yttria (Y2O3). At any finite temperature,
the YSZ heat capacity will be bounded below by that of
zirconia and above by that of yttria6. From the CV values
computed in this study, we found the CV increased gradually
as the yttria concentration increased. Thus, the heat capacity of
YSZ (i.e. with x mol% yttria concentration) can be estimated
quantitatively based on a simple additivity rule: CYSZ

P =
(1 − x)CZrO2

P + xCY2O3
P , where CZrO2

P and CY2O3
P are the heat

capacity of pure zirconia and yttria, respectively [31]. Based
on the experimental CP values of pure zirconia and yttria
solid at 298 K, the remaining difference between computed
and interpolated values (i.e. ∼1.3–2.7%) for these YSZ solids,
might be attributed to the small variances of lattice vibrational
contribution during the solid state reaction between these
two constituent compounds following the assumption of the
Neumann–Kopp rule [35].

From the dynamical matrices obtained, the interpolation
of force constants gives us the dispersion relations and density
of states (DOS) of phonons shown in figure 3. All the zirconia

6 As the number of atoms in YSZ (i.e. (ZrO2)1−x (Y2O3)x ) varies with x , the

normalized heat capacity CV = (3+2x)C∗
V

N (x = 0.14, 0.17, 0.20 and 0.40) is
used throughout this paper, where C∗

V is the computed heat capacity, which
proportional to number (N ) of atoms in a unit cell.

and YSZ crystal structures that we obtained in this study are
stable with respect to atomic vibration at the zone-center, the
-point. However, instabilities located elsewhere in the BZ are
found for two crystals. For c-ZrO2, the unstable phonon mode
(i.e. ∼197i cm−1) at X -point of the cubic zone boundary is
consistent with the recent findings [16], which can be related
to a stable zone-center A1g phonon in the tetragonal form of
zirconia. For the �-YSZ phase, the origins of the instability
of multiple phonon modes (i.e. ∼436i–50i cm−1) at the center
along –B are dominated by the phonon states from Zr and Y
atoms in the solid.

Overall, the phonon distribution of both ZrO2 and YSZ
solids are very similar. All the phonon frequencies are below
800 cm−1 suggesting that O–O coupling does not occur in
these solids. From the calculated phonon eigenvectors of
these solids, the similarity of phonon states among the m-ZrO2

and YSZ are found. At low frequencies (i.e. ∼ below
200 cm−1), the phonon states are predominantly heavy cation
motion (i.e. Zr in m-ZrO2, Zr and Y in YSZ). While for high
frequencies regime (i.e. ∼ above 600 cm−1), the vibration
contributions are mostly due to the coupling of Zr–O in the
compounds. In addition, to further justify their similarity
in phonon properties, specifically, we studied their average
phonon frequencies7, ω. For pure zirconia, the ωZrO2 ∼
318–336 cm−1 at T = 300 K. Whereas for YSZ, ωYSZ are
302–327 cm−1. The similarity of ω might be attributed to their
similar phonon DOS within the linear responses regime. Most
importantly, we find no gaps in the phonon DOS in c-, m-ZrO2

and the YSZ solids in this study (figure 3). Despite these
similarities, small deviations, however, can be found in both
phonon dispersion and DOS between the c-ZrO2 and YSZ:
c-ZrO2 phonon bands are more disperse with a significant high
peak of phonon states around 200 cm−1, whereas YSZ has
more uniformly distributed phonon states due to flat dispersion.
This suggests that the lattices of the later might be more rigid
than the undoped zirconia.

4. Summary

In conclusion, we have calculated both the lattice dielectric
and thermodynamic properties of yttria stabilized zirconia
(YSZ) as a function of yttria concentration from phonon
band structures based on density functional perturbation
theory. Within the harmonic approximation, we find excellent
agreement between our calculated specific heat and dielectric
constants and low temperature experimental values. At 0 K,
the density functional perturbation theory predicts that the
dielectric constants of YSZ (i.e. �40 mol% Y2O3) all fall
between the amorphous and cubic zirconia. For zirconia, the
static dielectric constant is found to be strongly influenced
by system structural configurations. Whereas for YSZ,
the static dielectric constant appears to be a function of
yttria concentration in the solid. Overall, all the atomic
Born effective charges which determine the lattice dielectric

7 The average frequency is defined to be ω = ∑
i,q

CV(i,q)
ω(i,q)

CV
, where ω(i,q)

is the frequency of the i th mode for q-point q, CV is specific heat, and
CV(i,q)

is the contribution to the specific heat of the i th mode for q-point q
as implemented in ABINIT program.
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Figure 3. Phonon dispersion relation and density of states in c-ZrO2 (top), and �-YSZ (bottom) in this study. The dotted green lines
correspond to imaginary frequencies.

responses, are in general larger than the nominal ionic valences
of the isolated constituent ions of the system. From the
trend of specific heat of YSZ over different yttria composition,
we suggest that the simple additivity rule can be a good
approximation to quantitatively predict how the specific heat
of a YSZ crystal depends on its yttria concentration. To
gain further insight behind the mechanism of the excess heat
capacity and at high temperature regime, clearly a systematic
future study beyond linear responses regime is necessary.
Ultimately this work can be used as baseline study to translate
elementary electric and thermal responses, with respected
to the ionic conductivity of YSZ solids and its interfaces
into atomistic simulations of a working SOFC pertinent to
experimental operating conditions.
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